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$V$ , V D( )
$I(V)$ . , $I(V)$ –
p(\in V) $I(V,p)$ . , $A,$ $B\in I(V)$ ,
2 $A\supset B$ $B\supset A$ LJ
, $A\equiv_{\mathrm{L}\mathrm{J}}B$ . Urquhart [1] , $I(V_{P},)/\equiv_{\mathrm{L}\mathrm{J}}$ , \leq
$[A]\leq[B]\Leftrightarrow B\supset A\in \mathrm{L}\mathrm{J}$
, ( $I(V_{P)},/\equiv_{\mathrm{L}\mathrm{J}}, \leq)$ Bool . ,
$I(V,p)/\equiv_{\mathrm{L}\mathrm{J}}$ .
, \perp ( ) \triangle ( ) .
, . V , V
. $S$ p \in V




, $A_{1},$ $A_{2},$ $\cdots,$ $A_{n}$ S . S
– ,
. p\in V , 4 $L$
$\mathcal{L}(p)$
(1) $\mathrm{L}\mathrm{J}\cap I(V)\subseteq L\subseteq I(V)$ ,
(2) $L\iota\mathrm{h}$ modus ponens ,
(3) $p\not\in L$ ,
(4) A $\in I(V)$ , $A\in L$ A $\supset p\in L$ .
,
$\mathcal{L}=\cup \mathcal{L}(_{\mathrm{P}})$
, $\mathcal{L}$ $J,K$, . $L\in \mathcal{L}$ ,
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$pv(L)=\{p\in V|L\in \mathcal{L}(p)\}$ ,
$v(L)=V\cap L$ ,
$L\uparrow=\{K\in \mathcal{L}|L\subseteq K\}$ ,
$L\uparrow=L\underline{\uparrow}-\{L\}$ ,
$L\triangle=\{K\in \mathcal{L}|v(L)\cup pv(L)\subseteq v(K)\}-L\uparrow$ .
$(\mathcal{L}, \subseteq)$ , $\mathcal{L}$ L\uparrow $L\uparrow 1$ ,
$L\triangle$
$L^{\triangle}$ . $L\uparrow_{1}\subseteq L\uparrow,$ $L^{\triangle}\subseteq L\triangle$ .
$1([1])$ . F\in I(V $p$) , 3 S
(1) $\mathrm{L}\mathrm{J}\cap I(V)\subseteq S\subseteq I(V)$ ,
(2) S modus ponens ,
(3) $F\not\in S$.
, $L\in c(p)$ , $S\subseteq L$ $F\not\in L$ .
$(W, R)$ ,
{ $U\in 2^{W}|x\in U$ $xRy$ , $y\in U$}
$P$ , $M=(W,R, P)$ , W
world . A M world $x$ $M\models_{x}A$ .
$x\in W$ , $M\models_{x}A$ , M , $M\models A$ .
$M\# xA\supset B$ , $xRy$ $y\in W$ , $M\models_{y}A$
$M\# uB$ .
[1] , $L\in \mathcal{L}$ , $M(L)$ , .
, $L\in \mathcal{L}$ , $M(L)$ . , $(L\underline{\uparrow}, \leq)$
.
$2([1|)$ . $L\in \mathcal{L}$ , $M(L)$
$M(L)=(L\underline{\uparrow}, \subseteq, P)$ ,
, $P(p)=\{K\in L\underline{\uparrow}|p\in K\}$ .
$3([1])$ . F\in I(V) $L\in \mathcal{L}$ , $K\in L\underline{\uparrow}$ ,
$M(L)\models_{K}F$ $\Leftrightarrow$ $F\in K$ .
4.
(i) F\in I(V, $p$) , $F\in \mathrm{L}\mathrm{J}\Leftrightarrow F\in \mathrm{n}L\in c(\mathrm{p})L$ .
(ii) 2 , $B\in I(V,p)$ , 2
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(1) $L\in \mathcal{L}(p)$ , $A\in L\Leftrightarrow B\in L$,
(2) $A\equiv_{LJ}B$ ,
(\"ui) $I(V,p)/\equiv_{\mathrm{L}J}=$ { $\{A|$ $L\in c(\mathrm{p})$ , $\in L\Leftrightarrow L\in \mathcal{L}’\}|c’\subseteq \mathcal{L}(p)$ }.
, [ $1|$ , $\mathcal{L}(p)$ , $k$ ,
$(I(V,p)/\equiv_{\mathrm{L}J},$ $\leq)$ k Bool .. , $c’\in \mathcal{L}(p)$
, .
$K\in \mathcal{L}(p)$ , $F(c’)\in K\Leftrightarrow K\in \mathcal{L}’$
F(L’)(\in I(V, $p$)) , $F(\mathcal{L}’)$ $I(V,p)/\equiv_{\mathrm{L}J}$
. , $I(V_{P},)/\equiv_{LJ}=\{[F(\mathcal{L}’)]|c’\subseteq \mathcal{L}(p)\}$ .
, $F(\mathcal{L}’)$ . ,
. , $\mathcal{L}’=\mathcal{L}(p)-\{L\}$ . ,
$K\in \mathcal{L}(p)$ , $F(L)\in K\Leftrightarrow K\neq L$
F(L) . , $F(L)$ , $\mathcal{L}’$
.
5. $L\in \mathcal{L}(p)$ , H(L) F(L)
$\mathcal{H}(L)=v(L)\cup\{q\supset p|q\in pU(L)\}\cup\{p\supset q|q\in pv(L)\}$
$\cup\{F(K)\supset p|K\in L\uparrow_{1}\}\cup \mathrm{t}\tau(K)|K\in L^{\triangle}\}$ ,
$F(L)=\mathcal{H}(L)\supset p$ .
, $\mathcal{F}(L)\in I(V,p)$ . , [ $1|$ $M(L)$ ,
$F(L)$ . ($L\in \mathcal{L}(p)\cap c(q)(p\neq q)$ , $L$ , 2
$\mathcal{F}(L)$ , 2 $\mathcal{F}(L)$
, . )
6. $L,$ $K\in \mathcal{L}(p),\dot{J}\in \mathcal{L}$ , $(\mathrm{i}),(\mathrm{i}\mathrm{i})$
(i) $F(L)\not\in K\Leftrightarrow L=K$ ,
(ii) $\mathcal{F}(L)\not\in J\Leftrightarrow L\in J\underline{\uparrow}$ .
.
7. $L\in \mathcal{L}$ .
(i) $S$ $p\in_{P^{v}}(L)$ , $S\supset p\not\in L\Leftrightarrow S\subseteq L$ ,
$(\mathrm{i}\mathrm{i})(\mathrm{c}\mathrm{f}. [1])p\not\in v(L)$ ,
$p\in pv(L)\Leftrightarrow$ $K\in L\uparrow$ , $p\in K$
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(iii) $L’\in L\uparrow\cup L\triangle$ , $v(L)\cup pv(L)\subseteq v(L’)$ ,
(iv) $V=v(L)\cup pU(L)$ , $L\uparrow=L\triangle=\emptyset$ ,
(v) $K\in \mathcal{L}$ , $K=L\Leftrightarrow v(K)=v(L)$ $K\uparrow=L\uparrow$ ,
(vi) $l\mathrm{f}^{\Rightarrow},\mathrm{p}_{\backslash }.\text{ }p\in pv(L)$ , $q\in p_{U(L)}\Leftrightarrow p\supset q,$ $q\supset p\in L$ .
. (i) $S\not\subset L$ . $A\in S$ , $A\not\in L$ . $p\in pv(L)$ ,
$A\supset p\in L$ . $S\supset p$ { , $(S-\{A\})\supset(A\supset p)$ , $S\supset p\in L$ .
, $S$ #(S) .
$\#(S)=0$ , $S=\emptyset$ , $p\in pv(L)$ , $S\supset p=p\not\in L$ .
$\#(S)>0$ , $\#(S^{*})<\#(S)$ $s*$ ,
$s*\subseteq L$ $S^{*}\supset p\in L$
. , $A\in S$ . $S\subseteq L$ , $S-\{A\}\subseteq L$
, , $(S-\{A\})\supset p\not\in L$ . $A\in S\subseteq L$ , $A\supset((S-\{A\})\supset$
$p)\not\in L$ . , $S\supset p\not\in L$ .
(ii) $p\not\in pv(L)$ . $p\not\in L$ , $A\in I(V)$ , $A\supset p\not\in L$
$A\not\in L$ . 1 , $K\in L\underline{\uparrow}\cap \mathcal{L}(p)$ , $A\supset p\not\in K$ . $K\in \mathcal{L}(p)$
, $A\in K$ $P\not\in K$ . , $A\not\in L$ , $K\neq L$ . , $K\in L\uparrow$ . , [1]
.
(ii) (ii) .
(iv) $L\uparrow\cup L\triangle\neq\emptyset$ , $V\neq v(L)\cup P^{v(L})$ . $L\uparrow\cup L\triangle\neq\emptyset$
, $K\in L\uparrow\cup L\triangle$ . (iii) , $v(L)\cup pv(L)\subseteq v(K)$ . ,
$K\in \mathcal{L}$ , q\in V , $q\in pv(K)$ . , $q\not\in v(K)$ . $v(L)\cup P^{u()}L\subseteq v(K)$
, $q\not\in v(L)\cup Pu(L)$ . , $V\neq v(L)\cup pv(L)$ .
(v) $v(K)=v(L)$ $K\uparrow=L\uparrow$ . $K=L$ ,
,.
$(*)$ $F\in I(V)$ , $F\in K\Leftrightarrow F\in L$ .
$(*)$ $F$ .
$F\in V$ , $v(K)=v(L)$ .
$F\not\in V$ , $(*)$ , $F$ F
. , $A,$ $B\in I(V)$ , $F=A\supset B$ .
$A\supset B\not\in K$ . 3 , $K_{1}\in K\underline{\uparrow}$ , $A\in K_{1}$ $B\not\in K_{1}$ .
$K_{1}=K$ , , $A\in L$ $B\not\in L$ , 3
, $A\supset B\not\in L$ .
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$K_{1}\in K\uparrow$ , $K\uparrow=L\uparrow$ , $K_{1}\in L\uparrow$ , $A\supset B\not\in K_{1}$
, $A\supset B\not\in L$ .
$A\supset B\not\in L$ , , $\supset B\not\in K$ .
(vi) $q\in_{P^{v}}(L)$ . , $q\not\in L$ . $p\in pv(L)$ , $q\supset p\in L$ .
, $P\not\in L$ $q\in_{P}U(L)$ , $P\supset q\in L$ .
, $p\supset q,$ $q\supset p\in L$ . $q\supset p\in L$ $P\not\in L$ , $q\not\in L$ . , $p\in pv(L)$
(ii) , $K\in L\uparrow$ , $P\in K$ . $P\supset q\in L$ , K\in L\uparrow
, p\supset q\in K , $q\in K$ . $q\not\in L$ , (ii) , $q\in_{P}U(L)$ .
6 . $X\in \mathcal{L}$ , $V-(v(X)\cup pv(X))$ $N_{X}$
. $7(\ddot{\mathrm{u}}\mathrm{i})$ , $L’\in L\uparrow\cup L\triangle$ , $v(L)\cup pv(L)\subseteq v(L’)$ ,
$pv(L’)\neq\emptyset$ , $v(L)\cup pv(L)\subseteq v(L’)\neq v(L’)\cup P^{v}(L^{J})$ ,







. , $L\uparrow_{1}=L^{\triangle}=\emptyset$ . ,
(4) $\mathcal{H}(L)=v(L)\cup\{q\supset p.|q\in pv(L)\}\cup\{p\supset q|q\in p_{U}(L)\}$
.
, (i) $(\Leftarrow)$ . $\mathcal{F}^{\cdot}(L)\in K$ . $F(L)=\mathcal{H}(L)\supset p,P\in pv(K)$ ,
$7(\mathrm{i})$ , $\mathcal{H}(L)\not\subset K$ . , $A\in \mathcal{H}(L)$ ,
(5) $A\not\in K$ .
(4) , $A$ $v(L),$ $\{q\supset p|q\in_{P}v(L)\},$ $\{p\supset q|q\in pv(L)\}$ . $A\in v(L)(\subseteq$
$L)$ , (5) $L\neq K$ . $A\in\{q\supset p|q\in Pv(L)\}$ , $q\in_{P^{v}}(L)$ ,
$A=q\supset p$ . $q\in_{P^{v}}(L)$ , $q\not\in L$ . $L\in \mathcal{L}(p)$ , $q\supset p(=A)\in L$ . (5)
., $L\neq K$ k \beta \Rightarrow . $A\in\{p\supset q|q\in pu(L)\}$ , , $L\neq K$ .
(i) $(\Rightarrow)$ . $F(L)\not\in K$ . $F(L)=\mathcal{H}(L)\supset p,$ $K\in \mathcal{L}(p)$ ,
$7(\mathrm{i})$ ,
(6) $\mathcal{H}(L)\subseteq K$
. (3), $7(\mathrm{v})$ , $K=L$ , 3 .
(7) $v(L)\subseteq v(K)$ ,
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(8) $v(K)\subseteq v(L)$ ,
(9) $K\uparrow=\emptyset$ .
(7) (4) $,(6)$ .
(8) . $r\not\in v(L)$ . (2) , r\in P(L) . (6)
, $r\supset p\in K$ . $K\in \mathcal{L}(p)$ , $r\not\in K$ . , $r\not\in v(K)$ .
(9) . $7(\mathrm{i}\mathrm{V})$ $v(K)\cup pv(K)\subseteq V$ , $V\subseteq v(K)\cup pu(K)$
. $r\in V$ . (2) , $r\in v(L)\cup pv(L)$ . $r\in v(K)$ , (7) ,
$r\in v(K)\cup pv(K)$ . $r\in_{P^{v}}(L)$ , (4),(6) , $P\supset r,$ $r\supset p\in \mathcal{H}(L)$ K
. , $7(\mathrm{v}\mathrm{i})$ , $r\in pu(K)$ . , $r\in v(K)\cup pv(K)$ .
(ii) . (i) , $\mathcal{F}(L)\not\in L$ . , $L\in J\underline{\uparrow}$ , $\mathcal{F}(L)\not\in J$ .
, $\mathcal{F}(L)\not\in J$ . 1 , $J’\in J\underline{\uparrow}\cap \mathcal{L}(p)$ , $F(L)\not\in J’$ .
(i) , $J’=L$ . , $L\in J\underline{\uparrow}$ .
$(\mathrm{I}\mathrm{I})N_{L}>0$ , $N_{L^{*}}<N_{L}$ $L^{*}$ ,
.
, (1) $(\Leftarrow)$ . $F(L)\in K$ (I) , $\mathcal{H}(L).\not\in K$ .
, $A\in \mathcal{H}(L)$ ,
(10) $\not\in K$ .
$A$ $v(L),$ $\{q\supset p|q\in pu(L)\},$ $\{p\supset q|q\in pv(L)\},$ $\{F(L’)\supset p|L’\in L\uparrow_{1}\},$ $\{F(L’)|L’\in$
$L^{\triangle}\}$ . $A$ 3 (I)
. $A\in\{F(L’)\supset p|L’\in L\uparrow 1\}$ , $L’\in L\uparrow_{1}$ , $A=F(L’)\supset p$
. $L’\in L\uparrow$ , (1) , $N_{L’}<N_{L}$ , , $\mathcal{F}(L’)\not\in L$
. $L\in c(p)$ , $F(L’)\supset p(=A)\in L$ . , (10) , L\neq K .
$A\in\{\mathcal{F}(L’)|L’\in L^{\triangle}\}$ , $L’\in L^{\triangle}$ , $A=F(L’)$ . $L’\in L\triangle$
(1) , $N_{L’}<N_{L}$ . , $L’\in L\triangle$ , $L’$ \not\in L\uparrow .
, $\mathcal{F}(L’)(=A)\in L$ . , (10) , $K\neq L$ .
(i) $(\Rightarrow)$ . $\mathcal{F}(L)\not\in K$ , (I) ,
(11) $\mathcal{H}(L)\subseteq K$
. $7(\mathrm{v})$ , $K=L$ , 4 .
(12) $v(L)\subseteq v(K)$ ,
(13) $L\uparrow\subseteq K\uparrow$ .
(14) $v(K)\subseteq v(L)$ ,
(15) $K\uparrow\subseteq L\uparrow$ .
(12) (11) .
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(13) . $L’\in L\uparrow$ . $L_{0}$ .
(16) $L_{0}\in L\uparrow 1$ ,
(17) $L’\in L_{0}\underline{\uparrow}$ .
(16) (11) , $F(L_{0})\supset p\in K$. $L\in \mathcal{L}(p)$ , $F(L_{0})\not\in K$ . (16),(1) , $N_{L_{\text{ }}}<N_{L}$
, , $L_{0}\in K\underline{\uparrow}$ . - , $P\in pu(L),(16)$ , $7(\ddot{\mathrm{u}})$ , $P\in L_{0}$ .
$K\in \mathcal{L}(p)$ , $K\neq L_{0}$ . , $L_{0}\in K\uparrow$ . (17) , $L’\in K\uparrow$ .
(14) . $r\not\in v(L)$ .
$r\in pv(L)$ , (11) , $r\supset p,p\supset r\in K$ , $7(\mathrm{v}\mathrm{i})$ , $r\in$
$pv(K),$ $r\not\in v(K)$ .
(18) $pv(L)\subseteq pu(K)$ ,
.
$r\not\in pu(L)$ , $7(\mathrm{i}\mathrm{i})$ , $L_{1}\in L\uparrow$ , $r\not\in L_{1}$ . (13) ,
$L_{1}\in K\uparrow$ . , $r\not\in K$ , , $r\not\in v(K)$ .
(15) . $L’\in \mathcal{L}-L\uparrow$ . 2 1
(19) $L’\not\in L\triangle$ ,
(20) $L’\in L\triangle$ .
, $L’\not\in K\uparrow$ .
(19) , $L’\not\in L\uparrow$ , $v(L)\cup pv(L)\not\in v(L’)$ . (12) (18) ,
$v(K)\cup pu(K)\not\in v(L’)$ . $7(\mathrm{i}\mathrm{i}\mathrm{i})$ , $L’\not\in K\triangle\cup K\uparrow$ . , $L’\not\in K\uparrow$ .
(20) , 2 $L_{1}$
(21) $L_{1}\in L^{\triangle}$ ,
(22) $L_{1}\in L’\underline{\uparrow}$.
(11) (21) , $F(L_{1})\in K$.- , (1),(21) , $N_{L_{1}}<N_{L}$ . ,
, $L_{1}\not\in K\underline{\uparrow}$ . (22) , $L’\not\in K\uparrow$ .
(ii) , (I) .
8. $\mathcal{L}’\subseteq \mathcal{L}(p)$ , $L\in \mathcal{L}(p)$ ,
$\{F(K)|K\in \mathcal{L}’\}\supset p\in L\Leftrightarrow L\in \mathcal{L}’$.
. $\{\mathcal{F}(K)|K\in \mathcal{L}’\}\supset P\not\in L$ . $L\in \mathcal{L}(p)$ $7(\mathrm{i})$ , $\{F(K)|K\in$
$\mathcal{L}’\}\subseteq L$ . , $K\in \mathcal{L}’$ , $\mathcal{F}(K)\in L$ . $6(\mathrm{i})$ ,
$K\in \mathcal{L}’$ , $K\neq L$ . , $L\not\in \mathcal{L}’$ .
.
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4, 8 , .
9.
$I(V,p)/\equiv_{\mathrm{L}\mathrm{J}}=\{[\{F(K)|K\in \mathcal{L}’\}\supset p]|\mathcal{L}’\subseteq c(\mathrm{p})\}$ .
, [1] , $\mathcal{L}_{1},\mathcal{L}_{2}\subseteq \mathcal{L}(\rho)$ , $\mathcal{L}_{1}\neq \mathcal{L}_{2}$ ,
$[\{\mathcal{F}(K)|K\in L_{1}\}\supset p]\neq[\{F(K)|K\in \mathcal{L}_{2}\}\supset p]$
.
3 , [1] $F(\mathcal{L}’)$ , .
10. F\in I(vV, $p$) ,
(i) $F\equiv_{\mathrm{L}\mathrm{J}}\{\tau(L)|L\in \mathcal{L}_{1}\}\supset p$ ,
(ii) $F\equiv_{\mathrm{L}\mathrm{J}}(\{F(L)|L\in \mathcal{L}_{2}\}\supset p)\supset p$ ,
, $\mathcal{L}_{1}=\{K\in \mathcal{L}(p)|M(K)\models F\},$ $\mathcal{L}_{2}=\{K\in \mathcal{L}(p)|M(K)\# F\}$ .
. (i) $L$ $\mathcal{L}(p)$ . 4 ,
$K\in c(p)$ , $F\in K\Leftrightarrow\{\mathcal{F}(L)|L\in \mathcal{L}_{1}\}\supset p\in K$
. $F\in K$ , $K\in \mathcal{L}_{1}$ . , $F(K)\in\{F(L)|L\in \mathcal{L}_{1}\}$ .
, $6(\mathrm{i})$ , $F(K)\not\in K$ , $\{\mathcal{F}(L)|L\in \mathcal{L}_{1}\}\not\subset K$ . $7(\mathrm{i})$ $K\in \mathcal{L}(p)$
, $\{\mathcal{F}(L)|L\in \mathcal{L}_{1}\}\supset p\in K$.
, $\{F(L)|L\in \mathcal{L}_{1}\}\supset p\in K$ , $7(\mathrm{i})$ $K\in \mathcal{L}(p)$ , $\{\mathcal{F}(L)|L\in$
$\mathcal{L}_{1}\}\not\subset K.$’ , $L\in \mathcal{L}_{1}$ , $\mathcal{F}(L)\not\in K$ . $6(\mathrm{i})$ , $L=K\text{ }$
, $K\in \mathcal{L}_{1}$ . , $F\in K$ .
(ii) .
, $\wedge$ , $10(\mathrm{i}\mathrm{i})$
$F(L_{1})\wedge F(L_{2})\wedge\cdots\wedge F(L_{n})$
. , $n=0$ , p\supset p , $L_{1},$ $L_{2},$ $\cdots,$ $L_{n}$
$\mathcal{L}_{2}$ .
[1] A. Urquhart, Implicational formulas in intuitionistic logic, The Journal of Symbolic
Logic, 39, 1974, pp. 661-664.
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